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On a Constant Word in Finite Semigroups 
BRUNETTO PIOCHI AND GIUSEPPE PIRILLO 
We prove, by means of techniques from semigroup theory, that for every finite semigroup S 
there exist elements al' .• . ' ak> ak+1 and integers i l •...• ik such that the word 
(alxi(l)azxi(Z) ••• akxi(k)ak+1 = constant) is constant. We also characterize those semigroups 
where the word assumes a short and plain form. 
INTRODUCTION 
The relevance of the Hales-Jewett theorem in combinatorics is well known; by its 
use one can, e.g., prove the celebrated Van der Waerden's theorem on arithmetical 
progressions. 
R. L. Graham [2], in a paper about Ramsey theory, presented an interesting 
algebraic application of the Hales-Jewett theorem: for every finite commutative 
semigroup S, there exists an element a of S and an integer n such that axn is constant, 
i.e. independent of x; in brief: 
axn = constant. 
By dropping the hypothesis of commutativity, one can prove the following [5]: 
THEOREM 1. For every finite semigroup S, there exist an integer k, a (k + I)-tuple of 
elements a11 a2, ... ,ak, ak+l of S and a k-tuple i(I), i(2), ... , i(k) of integers, such 
that: 
i.e. independent of x. 
In [5], Theorem 1 is presented as a consequence of the Hales-Jewett theorem. In 
this paper, we give a direct proof of this theorem, using only techniques from 
semigroup theory. 
Trivially, when the finite semigroup S is commutative, then the formula (**) reduces 
to Graham'S; (*) is also true when S is inverse: we have to choose the element a as the 
minimum idempotent of S and the integer n such that xn is idempotent for every xeS. 
Yet the band S presented by the following Cayley's table shows that (*) is not true 
for every finite semigroup: 
e f ; I: I j,. 
We remark, however, that for each xeS, x1e = e; i.e. S satisfies the dual formula of 
(*): xna = constant. 
Thus the following problem arises naturally: let a formula (A) be a special case of 
(**). How can we characterize all finite semigroups which satisfy (A)? 
In the present paper we give an answer for the following formulae: 
xn = constant; 
axn = constant (or dually xna = constant); 
axnb = constant. 
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At last, we also study a family of semigroups, which shows that one cannot find an 
upper bound to the 'length' k of the constant word (**). 
In what follows, S will always denote a finite semigroup with set Es of idempotent 
elements. K will be the kernel of Sand EK will denote the set of idempotents of K. The 
least integer m > 1 such that 
for every XES, will be denoted by q. 
Finally, if S is a finite group G, then we shall denote by t its exponent, i.e. the least 
integer m such that 
Xm = 1 = identity element of G, 
for every x E G. 
A CONSTANT WORD FOR FINITE SEMIGROUPS 
Here we supply the announced purely algebraic proof of Theorem 1. 
Let Es = {e1> e2, ... , en}. Consider the product ele2' If for each 1 ~ i ~ n, 
then S satisfies the formula: 
for every XES. 
Otherwise, let m be the least integer such that 3 ~ m ~ nand 
elem e2"* ele2' 
Then it is easy to see that the formula: 
(elem e2)q(eleje2)q(ele2)q = (elem e2)q(ele2)q 
is true for each 1 ~ i ~ m. 
By iterating the procedure as necessary, we complete the proof. 0 
We have obtained even more information on the formula (**): all elements 
aI' .. . , ak+l can be chosen in (Es> (the subsemigroup of S, generated by the elements 
of Es) and all integers i1> ... , ik can be set equal to q. 
Now, recall a theorem due to Suschkewitsch [4]: 
THEOREM 2. Every finite semigroup S has a kernel K which is the union of all the 
minimal left ideals L,. (Il E A) of S and also of all the minimal right ideals R j (i E /) of S. 
The intersection Hi,. of a minimal right ideal and a minimal left ideal of S is a (maximal) 
subgroup of S. 
Every R j is a right-group, and every L,. is a left-group. The kernel K of a finite 
semigroup S can be decomposed as shown by the following table: 
Hu H12 ... HIs 




Rr Hrl Hr2 ... Hrs 
Since the kernel K of any finite semigroup S is a simple semigroup (see [3]), then it 
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can be regarded as a Rees matrix, 
M= (G, I, A;P), 
where G is a group, isomorphic to Hill for each i E I, '" E A; P = (Pili) is a suitable 
matrix A X I, with entries in G; the products of elements (a, i, "') and (b, j, A) of S are 
equal to (aPIl;b, i, A). 
We refer to [3] and [4] for results on Rees matrices, which we shall use in what 
follows. 
By means of Suschkewitsch's theorem we are able to improve the last result. In fact, 
let t be the exponent of the group G which is isomorphic to every subgroup Hill of K. 
PROPOSITION 3. Let S be a finite semigroup and e E EK • Then 
(exey = e, 
for each XES. 
PROOF. Any idempotent element e of K is the unit of a suitable subgroup Hill of the 
kernel K of S. Trivially, for each XES, exe E Hill and thus (exey = e. 0 
By Proposition 3 one can find, among the constant words of type (**) in a finite 
semigroup S, r X s regular ones (r = III, s = IAI-see Theorem 2), by arbitrarily 
choosing e in Es n K and putting k = t, il = ... = it = 1, al = ... = at+l = e. 
Thus we obtain constant words which are built by t 'blocks', each of them being 
equal to (exe). The following result shows that no constant word of type (**) can be 
built by less than t 'blocks' (axb), whatever a and b are in S. 
PROPOSITION 4. If there exist a, b E S, and there exists an integer n such that 
(axb)n = w = constant, for every XES, then: 
wEEK' 
Also, the minimum n such that (axb t = constant is exactly t. 
PROOF. It is trivial to prove that WE K: choose x E K. If x = aq-l(bqaq)q-lbq-\ we 
obtain: 
w = (axbt 
= (aaq-l(bqaq)q-lbq-lb t 
= (aq(bqaq)q-lbqt 
= «aqbq)qt 
= (aqbq)q E Es. 
Thus, w is the unit of Hill S;;; K, for some i E I, '" E A 
Since awxwb E K and 
(awxwbt = (a(wxw)bt = w E Hill' 
we obtain: 
awxwb EHill , for every XES. 
Now we prove that awSwb ::> Hi,.. Note that 
awxwb = aw(xwb) E Hill 
and 
awxwb = (awx)wb E Hill 
implies aw EHill 
implies wb EHi ,.. 
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Therefore (awY = (wb Y = w (recall that t is the exponent of Hi,,). Now, let y E Hi,... We 
have: 
y = wyw = (awYy(wbY = aw[(awy-1y(wby-1]wb E awSwb. 
Hence H j" = awSwb. 
Also, l = wand so t divides the integer n such that (axbt = w. Since the pair (i, IJ) 
depends only on a and b, by Theorem 2, this means that t divides the minimum integer 
n such that there exist a, b E S: (axb t = constant. 
By Proposition 3, choose a = b = e = unit of some Hi,,; one has: 
(exeY = e. 
Hence n =t. D 
The following is straightforward. 
COROLLARY 5. For any finite semigroup S, the following conditions are equivalent: 
(i) there exist a, bE S such that axb = constant; 
(ii) for every i E I, IJ E A, IHi" I = 1; 
(iii) K ~ Es. 
The following question arises naturally: can we find an integer k such that every finite 
semi group S has a constant word of type (**), built up from at most k 'blocks'? The 
answer is negative and here we want to give an example, by studying a family of finite 
semigroups. 
Let m be a prime number; consider the semigroup 
S = (a, b: a2 = a, b2 = b, (aba)m = a, (bab)m = b). 
Say SI = (ab), Sz = (bab), S3 = (ba), S4 = (aba). One has (see [1]): 
S= U S· 
" l .. r .. 4 
if r =1= p, Sr n Sp = 0; 
for 1 0::; r 0::; 4, Sj is isomorphic to G, a cyclic group of order m. 




The matrix corresponding to Sis M = (G, I, A; P), with 
III = IAI =2, 
where g is the generator of the cyclic group G, and e = gO is its unit. 
By natural notations we can express the word 
alxl(l)a2x1(2) ... anx 1(n)an+l = w 
as an element of S: 
w = (g(l), j(l), )'(l»(gx, i, 1J)/(1)(g(2), j(2), ).(2» ... 
. . . (g(n), j(n), ).(n »(gx, i, IJ )/(n)(g(n + 1), j(n + 1), ).(n + 1». 
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Of course, since G is cyclic, each of the elements involved will be a power of the 
generator of the subgroup, to which it belongs. It is trivially seen that if (j, A) *" (2,2) 
then the generator of (G, j, A) is (g, j, A) and the generator of (G, 2, 2) is (e, 2, 2). 
Hence: 
(i) if (i, IJ.) *" (2, 2), then 
w = (ga(1), j(I), A(I»(gY, i, IJ. )/(1)(ga(2), j(2), A(2» ... 
. . . (ga(n>, j(n), A(n»(gY, i, 1J.)/(n)(ga(n+1), j(n + 1), A(n + 1»; 
(ii) if i = IJ. = 2, then 
w = (ga(I), j(I), A(I»(gY-t, 2, 2)/(I)(ga(2), j(2), A(2» ... 
. . . (ga(n), j(n), A(n»(gY-t, 2, 2)/(n)(ga(n+l), j(n + 1), A(n + 1». 
We begin by studying the case (i, IJ.) *" (2,2). We have: 
(gY, i, 1J.)/(h) = (gy/(h), i, IJ.), h = 1, ... , n; 
w = (ga(l)p)'(I);gY/(I)p"i(2~a(2)p)'(2)i' .. ga(n)p).(n);gY/(n)p"i(n+l~a(n+1), j(I), A(n + 1». 
We remark that the subgroup, to which w belongs, depends only on j(l) and A(n + 1). 
We have also that: 
w = (gr, j(I), A(n + 1», 
with 
n+l n 
r = L a(h) + Y L l(h) + V, 
h=1 h=1 
where v ::s; n, since we cannot have i = IJ. = 2, and: 
v = 0 if i = IJ. = 1; 
v = n ifi = 2 and A(h) = 2, for every l::s;h ::S;n; 
v = n if IJ. = 2 and j(h) = 2, for every 2::s; h ::s; n + 1. 
When i = IJ. = 2, we have: 
(gY-t, 2, 2)1(h) = gy-lP2zgy-lP22' .. gY-1p22 gY-l 
! . I 
(/(11) -1) times 
= gY-lggY-lg . .. gy-lg gy-l 
I , 
(/(11) - 1) times 
= gy(/(h)-I)+y-l 
= gy/(h)-I. 
As before, we obtain: 
w = (gr, j(I), A(n + 1), 
with 
n+l n 
r= L a(h)+y L l(h)-n+v', 
h=1 h=1 
where in this case v' ::s; 2n and: 
v' =0 if r(h) = 1, for every 1 ::s; h ::s; n, j(h) = 1, for every 2::s; h ::s; n + 1; 
v'=n if {A(h) = 1, for every l::s;h ::S;n, j(h) = 2, for every 2::s; h ::s; n + 1; 
v'=n if {A(h) = 2, for every 1 ::s; h ::s; n, j(h) = 1, for every 2 ::s; h ::s; n + 1; 
v'=2n if {A(h) =2, for every 1::s; h ::s; n, j(h) = 2, for every 2::s; h ::s; n + 1. 
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Comparing the two cases, one obtains the result that the word w is constant, 
whatever the element (gx, i, IJ) is, iff: )"(h) is constant, for every l:s;;h:S;;n; j(h) is 
constant, for every 2:s;; h :s;; n + 1; and n is a multiple of the integer m. 
Here, the constant word w can be written as: 
W = (a xl(l)e )(a x l(2)e ) ... (a x l(n-l)e )(a xl(n)a ) 1 2 2 3 n-l n-t n n+l 
where (for j = 1, ... , n) ej is the unit of that subgroup Hr, to which aj+1 belongs. 
One sees immediately that the number of 'blocks' ajxl(j)bj of constant word w cannot 
be less than m, whatever are a1> ... , an +l E Sand 1(1), ... , l(n) integers. 
Also, for each integer k, there always exists an integer m ~ k (e.g., any prime 
number ~k) and a semigroup S such that the constant word w cannot be built up as a 
product of less than m 'blocks' of the given type. 
SPECIAL CASES 
In the previous section, we proved that any finite semigroup S has elements a, b 
(eventually a = b) such that 
(axb y = constant. 
Also, we saw that the number of 'blocks' a;xi(j)bj cannot in general be reduced to a 
number less than t. 
Consider, however, the semigroup S = A x G x B, direct product of a O-left 
semigroup A, a group G of exponent t, and a O-right semigroup B. Let a and b be any 
elements of S; the formula 
axtb = constant 
is easily seen to be true. So, in this case, the number of 'blocks' of the constant word is 
equal to 1. 
Now we want to characterize those semigroups in which the constant word w is 
expressed by the short and plain following formulae: 
xn = constant; 
axn = constant (or, dually, xnb = constant); 
axnb = constant. 
It is trivial that: 




However, the formula (###) is true in the above semigroup S =A x G x B, but 
(##) is not when IAI, IBI> 1; (##) is true in Sand (#) is not when IAI > 1, IBI = 1. 
It is not difficult to see that a finite semigroup S satisfies (#) iff IE,I = 1, i.e. if S has 
exactly one idempotent element. In fact, if IE,I = 1, then one can easily find the integer 
n such that xn = constant; conversely, if e, fEE. and xn = constant, for some integer n, 
then: 
e =en =fn =f. 
By this remark the proof of the following proposition is straightforward: 
PROPOSITION 6. Let S be a finite semigroup where the formula 
xn = constant 
holds. The following are equivalent: 
(i) S is a group; 
(ii) S is a regular semigroup; 
(iii) S is a monoid. 
(#) 
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Note that, when (#) holds, the kernel K reduces to exactly one group, the exponent 
t of which must divide the integer n of (#). It can be, however, that t *" n, as is shown 
by the semigroup S whose Cayley table can easily be deduced by the following graph: 
a 
c 
On the contrary, we shall prove that for semigroups S where (##) or (###) hold 
(but IEsl > 1), t will be exactly the least n satisfying the formula. 
If S contains an annihilator 0, then trivially: 
Ox =xO= OxO= 0 
for every XES. 
Thus, in what follows, we speak of finite semigroups S without annihilators. 
THEOREM 7. Let S be a finite semigroup. The following are equivalent: 
(i) there exist a, b E S and an integer n such that axAb is constant; 
(ii) there exist c E Es and an integer n such that cxAc = c, for every XES; 
(iii) there exists c E Es such that cEs is a O-right subsemigroup of S; 
(iv) there exists c E EK such that cec = c, for every e E E K. 
PROOF. (i)- (ii) From axnb = w, it follows, for each e E E" that 
aeb = w. 
Let f = aq, g = bq (so f, gEEs). One has, for every XES: 




By choosing x = f, we obtain: 
whence 
Also: 
(gf)2 = g(fg)f = g(fgYf = (gf)i+l, 
for every i ~ 1. Thus (gf)2 is idempotent. Denote c = (gf)2; one then has 
cxnc = (gffXn(gf)2 
= (gfg)(fxng)(fgf) 
= (gfg )(fg ) (fgf) 
= (gf)4 = (gf)2 = C. 
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(ii)-+ (iii) Let e E Es such that exnc = e, for every XES. One has, for every e, fEEs: 
eee =c 
and 
(ee)(cf) = (eec)f = cf 
(iii)-+ (iv) If eEs is a O-right subsemigroup of S, for some e E E., then: 
eee = (ee)(ec) = ce = e, 
for every e E Es. So e E EK and, for every e E EK, 
cee =e. 
(iv)-+ (i) Since, trivially, (ii)-+ (i), it will be enough to prove that (iv)-+ (ii) , which 
we shall do by using the technique of Rees matrices. 
Since the kernel K of S is a simple semigroup, we can express it by a Rees matrix 
M = (G, I, A; P). Then: 
( -1 ' ) c= P,.u,I,1' , 
for some pair of indices (i, 1'). 
Let e = (p-;/, j, ).) E EK. Since eee = c, then: 
( -1' ) (-1' )( -1 . ')( -1' ) Plli,I,1' = P,.u,I,1' PJ..j,j,A P,.u,I,1' 
( -1 -1 -1') = P,.uPlljP}.j PAiPlli' I, I' , 
whence 
and immediately 
for every j E I, I' E A. 
Denote, for every XES: 
ex = (p;/, i, I')X = (r(x), i, I'(x», 
xc =x(p;/, i, 1') = (l(x), i(x), 1'), 
where r(x) and l(x) belong to G, i(x) belongs to I and I'(x) belongs to A. 
We have 
cxe = c(xe) 
= (p;U\ i, I')(l(x), i(x), 1') 
= (p;U1p,.u(xi(x), i, 1'), 
and if h;:a: 1, we obtain: 
and 
exh+ 1e = (exh)(xe) 
= (r(xh), i, I'(xh»(l(x), i(x), 1') 
= (r(xh)PIl(Xh)i(x)l(x), i, 1') 
(cxh)(exc) = (r(xh), i, I'(xh»(p;/p,.u(x)l(x), i, 1') 
= (r(xh)pJl(xh)iP ;/p,.u(x)l(x), i, 1') 
= (r(xh)pJl(xh)i(x)l(x), i, 1'). 
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Thus, for every h ~ 1: 
cxh+lc = (CXh)(CXC) 
= (cxhc)(cxc), 
and, by induction, one easily proves that, for every xeS: 
cxhc = (CXC)h. 
Since G is a finite group of exponent t, then 
(cxc)' = c 
and finally, for every xeS, 
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COROLLARY 8. If there exist a, b e S and there exists an integer n such that ax"b is 
constant, then t equals precisely the minimum n such that the condition holds. 
PROOF. From the proof of Theorem 7, one obtains the result that there exists 
c e EK such that 
cxhc = (CXC)h, 
for every xeS and for every integer h ~ 1. 
Obviously c is the unit of subgroup Hi,.. !;;;; K. Then 
cxc eHi,.., 
for every xeS. 
Conversely, each element y e Hi,.. can be expressed by 
y =cyc. 
Hence the conclusion. 0 
From Theorem 7, one immediately obtains the following: 
COROLLARY 9. Let S be a finite semigroup. For every element c e Es the following 
conditions are equivalent; 
(i) cEs is a O-right subsemigroup of S; 
(ii) Esc is a O-left subsemigroup of S; 
(iii) cEs is a O-right subsemigroup and Esc is a O-left subsemigroup of S. 
If S is a finite band, we obtain the following: 
COROLLARY 10. Let S be a finite band. Then there exists c e Es such that cS is a 
O-right subsemigroup of Sand Sc is a O-left subsemigroup of S. 
PROOF. From a theorem by McLean (see [3]) each band is a semilattice of 
rectangular bands. If S is finite, such a semilattice has a minimum element. Let Sa be 
the rectangular band corresponding to such a minimum element and let c e Sa. Then, 
for every e e S (letting e e Sb) one has that ce e Sab = Sa; hence 
cec = c(ce)c = c, 
since Sa is rectangular. 0 
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PROPOSITION 11. Let S be a finite semigroup. The following conditions are 
equivalent: 
(i) there exists a e S and there exists an integer n such that axn = w = constant; 
(ii) Es has a O-left element; 
(iii) S has exactly one minimal left ideal L. 
If these hold, then all idempotents of L are O-left elements for Es, and the minimum n 
such that (i) holds is exactly the exponent t. 
PROOF. (i)- (ii) Let axn = wand let x = aq • Then: 
w = a(aq)" = aaq = aq+ 1 
and 




=aq +1 = w 
(ii)- (iii) Let c e Es be the O-left element of Es, let Land L' be two minimal left 
ideals of S and let x e L, y e L'. Then 
cxq = eeL 
and 
cyq =c e L'. 
So L=L'. 
(iii)- (i) Let L = UIo;;;o;;, R; be the minimal left ideal of S, where each R; is a group 
and a minimal right ideal of S. 
Let eeL. Hence e is the unit of some R; (1",; i",; r) and, for every feEs, 
efeR; 
and 
(ef)2 = (ef)( ef) = « ef)e)f = (ef)f = ef· 
Thus ef = e, since it is the idempotent element of the group R;. 
If n is an integer such that xn e Es for every xeS, then 
exn = e. 
Finally, we remark that, working as in the proof of Corollary 8, the minimum n such 
that (i) holds is exactly equal to t. 0 
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One can easily prove the dual proposition to the last one i.e. when xna = constant. 
COROLLARY 12. If IEKI is a prime number, then E. has a O-left or a O-right element. 
PROOF. If IEKI is a prime number, then K is clearly made up by one row (or one 
column). The conclusion follows up from Proposition 11 or its dual. 0 
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